Abstract-A reliable method of transmitting downhole information to the surface while drilling is essential to improve drilling applications. We have designed a numerical algorithm for simulation of electric-signal transmission through the drill string, based on the telegrapher equation (a circuit model). The drill string is then represented by a transmission line with varying geometrical and electromagnetic properties versus depth, depending on the characteristics of the drill string/formation system. These properties are implicitly modeled by the series impedance and the shunt admittance of the transmission line. The telegrapher equation is solved in the high-frequency range by using a direct method.
Trofimenkoff [4] , [5] use a ladder network representation of the drill string. Their predictions agree with Hill and Wait's results for drill stem lengths in the 0.5-2.5 km range and in the frequency range from dc to about 1 kHz. This transmission line model appears, therefore, to be useful for system performance evaluation. DeGauque and Grudzinski [9] , using electromagnetic theory, demonstrated that, because of the finite conductivity of the drill pipes, decreasing the frequency below a few hertz does not improve the communication. They also demonstrated that the attenuation coefficient becomes a constant below a given frequency and that decreasing the frequency does not increase the communication range, but, on the contrary, decreases the transmission rate. They obtained an optimum frequency corresponding to a minimum attenuation and a maximal data rate. Soulier and Lemaitre [17] favor the transmission line representation of the drill string, modeling the system as a coaxial cable acting as a waveguide. The main conductors are the casing and drill pipes; the shielding are the formations situated at infinity; and the insulation are the formations around the well. Using this model, they claim to obtain results that are consistent with field data. Recently, Xia and Chen [20] investigated the problem in the low-frequency range and obtained a good agreement between theoretical and experimental results. The frequency range of operation is essential, since high frequencies attenuate rapidly and low frequencies are not suitable to transmit information at a sufficient data rate.
In this paper, we develop a time-domain algorithm for the propagation of electric signal along the drill string. The method, based on the telegrapher equation, considers the presence of the coupling joints, nonuniform cross section areas, and varying drill string and formation electromagnetic properties. The approach is basically a version of the ladder-network or coaxialcable representation. A fourth-order Runge-Kutta method and the Fourier differential operator are used to advance the solution in time and compute the spatial derivatives, respectively [6] .
II. ELECTRIC-TRANSMISSION DIFFERENTIAL EQUATION

A. Telegrapher Equation
Transmission of electric pulses through a drill string can be simulated by using a transmission line model. Consider a drill string connected between a source and a load. Within any short length we can define both energy storage and dissipation. The latter occurs both in the drill string and in the media surrounding the drill string. A cross section of the system and a circuit displaying these properties are shown in Fig. 1 netic permeability, respectively. The series inductance and resistance , and shunt capacitance are measured by unit length, and the series capacitance and shunt resistance and inductance are measured per inverse of unit length (the inverse of is the conductance per unit length). The circuit shown in Fig. 1(b) corresponds to a length of the line. The voltage and current are functions of depth and time , so that the terminal conditions are those shown in the figure, where is the voltage and is the electric current. Expressing the change in voltage , and taking the limit , we have (1) Similarly, summing the currents in the shunt elements implies (2) Differentiating (1) with respect to and (2) with respect to , we obtain
The standard telegrapher equation is obtained for and [16] (4)
The wave equation for lossless media is obtained for and , i.e., no energy dissipation into the formation and a perfect conducting rod.
Equation (4) contains time integrals, which are expensive to evaluate with numerical methods. We recast the telegrapher equation in matrix form, thus avoiding these integrals. Defining the new variables and (5) and using (1) and (2), the telemetry equations can be written in matrix form as (6) where denotes spatial differentiation. Note that we have introduced the source terms and . Equation (6) is a generalization of the telegrapher's equation [18] , [16] , [8] , since the coefficients may depend on the spatial variable . This approach does not takes into account the propagation of the electric and magnetic fields, since it does not predict the set of waveguide modes [15] , [18] . However, the distributed circuit approach does, in fact, give the correct description for the principal (TEM) wave. Moreover, it is more flexible than the electromagnetic approach, since the coefficients can be generalized to time-dependent functions, and the system is not constrained to be perfectly straight.
B. Parameters of the Drill String Formation System
Let us calculate the different parameters for the drill string illustrated in Fig. 1(a) . The series resistance is (7) where is the area and and are the inner and outer radii of the drill string, respectively.
The lateral area per unit length of drill string is . If is the radial variable, the shunt resistance is given by (8) where is undetermined, but can be estimated using the fact that the drill string has a finite length. We approximate the drill string by half of a prolate ellipsoid of semilength (the drill string length) and radius [5] . The shunt capacitance of the ellipsoid is [1] , [4] ( 9) where the approximation holds for a very long ellipsoid ( ). The shunt capacitance is obtained by dividing by 2
The shunt resistance is (11) Comparing (8) and (11) yields , the length of the drill string. Similarly, the series inductance is [5] , [16] (12)
We assume that the series capacitance of the drill pipes and coupling joints are equal to infinite, and that a finite capacitance arises at the contact between the joints and the pipes. Similarly, the shunt inductance is introduced on heuristic grounds. Both the shunt capacitance and inductance are used here as free parameters and should be calculated or measured.
Summarizing, the field variables and material properties with the corresponding units in the SI system are
where (14) and 1 H 1 V s/A, 1 F 1 A s/V and 1 1 V/A. The free space permittivity and magnetic permeability are 8.85 10 F/m and 4 10 H/m, respectively. Equation (6) is solved with a fourth-order Runge Kutta technique [7] . The spatial derivatives are calculated with the Fourier method by using the fast Fourier transform (FFT) [11] . This approximations is infinitely accurate for band-limited periodic functions with cutoff spatial wavenumbers which are smaller than the cutoff wavenumbers of the mesh.
III. PHASE VELOCITY AND ATTENUATION FACTOR
Let us assume a harmonic wave with a phase factor , where is the angular frequency and . Then, (1) and (2) can be written as (15) and (16) where and are the series impedance and the shunt admittance, respectively [18] . Now, assume a planewave with an spatial phase factor , where is the complex slowness. The real and imaginary parts of are related to the wavenumber and the attenuation, respectively. For any field variable, we have . Eliminating the voltage and the current in (15) and (16) gives the dispersion equation (17) The phase velocity and attenuation factor are given by and (18) respectively, with the operators and denoting real and imaginary parts, respectively.
IV. EXAMPLES
Wait and Hill's [19] solution for an infinitely long and lossless rod is (19) where and (20) and = 1.781. The effective magnetic current in the source is proportional to frequency [13] . The normalization is such that V at 5 kHz, i.e., ( /5 kHz) V, where is the frequency. Bhagwan and Trofimenkoff [5] take into account the boundary conditions at both ends of the string. Their solution for an ideal (lossless) rod of finite length is 
The following are the parameters considered by Wait and Hill [19] and Bhagwan and Trofimenkoff [5] : m, , where we have used (13) . Because the second term in (24) is negligible for the values used by Wait and Hill [19] and for the frequency range under consideration, we obtain the following complex slowness from (17):
In the time-domain, this approximation corresponds to the diffusion equation (26) Thus, the phase velocity and attenuation factor are simply and (27) since the propagation effects due to the finite length of the drill string have not been taken into account in our calculations, and the dielectric effects are negligible. Bhagwan and Trofimenkoff's phase velocity and attenuation factor coincides with ours if in their equation [(17) ]. The (a) phase velocity and (b) attenuation factor versus frequency are shown in Fig. 2 . Phase velocity, and therefore data rates, increases with frequency, but attenuation also increases. The electric current associated with (27) is (28) where ( /5 kHz) A, to be consistent with [13] and [19] . Fig. 3 shows the electric current versus distance on an infinitely long rod excited by a magnetic ring source for a frequency of 5 kHz. Fig. 4 represents the electric current versus frequency at a distance m from the source. The dashed line is Bhagwan and Trofimenkoff's attenuation curve for a rod of finite dimensions ( m). The parameter in (14) is calculated by using m. The curves are normalized with respect to the lower frequency value of [19] . As can be inferred from Figs. 3 and 4 , the magnitude of the excited current decays very rapidly after 0.5-km distance, and the current is weaker at higher frequencies. However, the velocity of transmitting signals decreases at low frequencies, as illustrated in Fig. 2(a) . The group velocity is the derivative of the frequency with respect to the real wavenumber (29) We obtain (30) Thus, the dominant wavelength of a wave packet is given by (31)
The wavelength versus frequency is shown in Fig. 5 . It ranges from 31.5 km at 1 Hz to 100 m at 100 kHz.
A. Simulations
The previous example corresponds to a diffusive field, since the electric displacement term [the second term in the right-hand side of (24)] is small compared to the conductivity term [the first term in the right-hand side of (24)]. Let us consider that the The last example considers a drill string with the characteristics shown in Fig. 7 , in a fluid the properties of which are those of the previous example. We assume a series capacitance m for the tool joints, to model capacitive effects between the pipes and the coupling joints. We consider and a uniform grid spacing cm. The source is located at grid point 1732 and has a central frequency of 3 MHz. The first half of the string has no tool joints. The first tool joint starts at grid point 1755, with each joint modeled by two grid points and each pipe element modeled by 37 grid points. The wave field is computed by using a time-step of 1 ns. Fig. 8 shows snapshots of the (a) current and (b) voltage at 3 s. The attenuation of the pulse traveling to the right is evident. This effect is mainly due to the series capacitance.
V. CONCLUSIONS
We have developed a theoretical and numerical approach for modeling electromagnetic wave propagation in drill strings. The model corresponds to a generalized telegrapher equation, which reduces to a diffusion equation at low frequencies and to a hyperbolic (wave) equation at high frequencies. We have solved the wave equation including resistive and capacitive losses in the surrounding medium and drill string material. Modeling at low frequencies requires an algorithm for parabolic differential equations.
In this phase of the research, we intended to obtain a physically meaningful theoretical model. Use of this theory for practical industrial application is a further matter of research, from the numerical and experimental points of view. We are currently investigating the low-frequency numerical solution, the incorporation of boundary conditions to model the ends of the string, the inclusion of different media around the string (casing, cementation, etc.), and frequency effects of the series resistance of the rod and shunt capacitance of the formation. The series resistance can increase with frequency due to the skin effect and the presence of out-of-phase conduction currents, and the shunt capacitance must include dielectric losses in the formation.
